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^ . Abstract. Symmetries of generalized gravitational actions, yielding field equations which 
H ' 

\ typically involve at most second-order derivatives of the metric, are considered. The field 
equations for several different higher-derivative theories in the first-order formalism are 
derived, and variations of a generic set of higher-order curvature terms appearing in string 
effective actions are studied. It is shown that there often exists a particular set of solu- 
tions to the field equations of pure gravity theories, consisting of different combinations of 
curvature tensors, which satisfies the vacuum equations with cosmological constant. Im- 
plications of generalized symmetries of the field equations derived from the superstring 
effective action for the cosmological constant problem are discussed. 



1. Introduction 



Recent interest in generalized gravitational actions [1][2][3] has arisen because of the 
appearance of higher-derivative curvature terms in superstring effective actions and the 
extension of the Hilbert-Palatini formalism using different choices of canonical variables 
for the phase space of general relativity [4] [5] [6] . These generalizations have been studied 
with the understanding that they will allow a more flexible interpretation of gravity at 
the level of the classical action and its quantization, while still retaining the framework of 
the Einstein gravitational field equations in the classical limit. One of the consequences 
of this approach is that additional symmetries, besides diffeomorphism invariance, can be 
incorporated, especially in the context of superstring theory. 

These symmetries can be used to derive new results about the cosmological constant. 
Although the cosmological constant problem, as it is presently stated [7] [8] , concerns the 
contrast between the sum of zero-point energy densities of fields in elementary-particle 
Lagrangians at the symmetry breaking scales and the observed value of the vacuum energy 
density, the classical version of the problem, initially arising in the replacement of de 
Sitter space by the Friedman-Robertson- Walker universe [7], can be extended to fitting 
all realistic cosmological models with metrics corresponding to A ~ 0. This version of 
the problem, relevant at macroscopic scales, cannot be solved using classical techniques 
applied to the standard Einstein-Hilbert action, and quantum fiuctuations of the metric 
at Planck scales do not necessarily determine the cosmological structure at large scales. 

The classical version of the cosmological constant problem can be studied within the 
context of a generalized gravitational action. Generalizations of the derivation of the 
field equations from the Einstein-Hilbert action shall be considered from several different 
viewpoints. First, in a preliminary study of variations of the standard action with respect 
to both symmetric and non-symmetric metrics, the distinctions between the two cases 
will be noted in the variation of y/—g with respect to g^i, and adapted to the tetrad 
formalism. Second, the difference in the functional derivative with respect to g^^"^ suggests 
the consideration of variations of actions which include arbitrary coefficients multiplying 
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g^i,. A suitable averaging of such integrals, initially written in a different form from the 
standard Einstein-Hilbert action, is used to derive a set of field equations which limit 
the size of the cosmological constant when there are gravitational perturbations. Third, 
higher-derivative actions, particularly those which arise in string theory, are used to place 
the cosmological constant in a different setting. For example, it is recalled in §5 how the 
vacuum Einstein field equations with non-zero cosmological constant can be derived from 
an action containing higher-order curvature terms but no cosmological constant term. It 
is also noted how the additional symmetries associated with string theory have been used 
to shift the value of the cosmological constant. The concept of the most general class of 
symmetries of the gravitational field equations is developed further in §7 to demonstrate 
the special place of the A = sector in the space of solutions to the field equations. 
Scale transformations are then used to provide a resolution to the classical version of the 
cosmological constant problem. Finally, the results in this paper are discussed in the 
context of other attempts to resolve the quantum version of the cosmological constant 
problem. 

2. Symmetric and Non-Symmetric Metric Variations of the Action 

As the field equations derived from the action 

J d'^x^-gix) {R - 2A) + J d^X^-g{x)Lmatter (1) 
depend on the variation of the determinant g, the expansion into minors 

det{g^.) = ^-^y^'' W{g)U9^u (2) 



with [M{g)\ny being the determinant of the 3x3 matrix excluding the /i column and 
the v^^ row, can be used to obtain the term proportional to g^^^. When ji ^ [M{g)\^j^ 
includes the entry gj^^. If the symmetry of the metric is not imposed, then ^^j^ and g^^ 
may be regarded as independent variables [9] [10] [11]. Under these conditions, [M{g)]ni, is 
independent of g^u and 

= {-^r^'^Wig)],. (3) 



Since g • g^^ = {—l)^^'^'^[M{g)]^i^, equality of with g ■ g^^ can be obtained when 
[Af(^)] is a symmetric matrix. 

An alternative expression for the determinant utilizes the splitting of the new metric 
gf^l, into the original metric ^^^^ and the variation Sg^y. 

det{g^,) = det{g^, + 5g^,) = J] (-1)'^+^ WCo + 5g)]^.Q + (4) 

V 

As 

+ = ml)],. + J2 ^^^1^ 5g^p + ... (5) 



M{g)=M{g) 



it follows that 

Sg 



when Sg^i, is non-symmetric, and 

5g 



_o = (-1)'^+'^ [M{g)U (6) 



Q and 

9fii^=9fj,,^ 



Sgi^i^ 

when ^^fpjy is symmetric and g^j^ — cji,^. 

The symmetry of the background metric is sufficient for the equality of 

^9 

gg^'^ when Sg^,y is non-symmetric. The equality no longer holds for general metrics, for 
which [M{g)]ij_,^ ^ [M{g)],^fj_. Thus, for non-symmetric variations 5gfj,i,, the term propor- 
tional to the metric arises in the field equations only for the backgrounds with symmetric 
metric g^^. 

In the first-order formalism, variations of the gravitational action with respect to both 
g^i, and T^^i, are considered, so that the connection is shown to be Levi-Civita and the 
field equations are derived for the metric. The restriction to the symmetric background is 
also required for the variation of the Ricci scalar. Defining the curvature tensor by parallel 
transport around the integral curves of two independent vector fields, it can be shown that 

(sr^^x);. - (<5r\,);A = 5R^, + 2Tp,xSr\p (8) 
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where T^i/a = ^'^[i^X] is the torsion tensor. Since 
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(9) 



it will vanish for the symmetric background and 



9iJ.v=9^ 



d 



(10) 



(11) 



As the integral can be transformed to one associated with a surface integral, which is zero 
when Sgi^i, and its first derivatives vanish at infinity, the variation of the action becomes 



_o 

9iJ.v—9 



IGttGJ ' 



1 ° 



(12) 



for non-symmetric variations 5g^^ . The restriction to the background metric g implies 
that only the tangent vector in the directions of the non- symmetric variations 5g^^ vanishes 
at the solutions of the field equations 



o 

R 



\ Rg^u + A^^^ = 



(13) 



For symmetric variations Sgut,-, the torsion tensor in equation (9) is zero, but the extra 
term in equation (7) contributes to the variation of the action as 



= [M'{g)U,,^ when a<u<fiora>u>fi 

^g^ij. (14) 

(—l)^'^'^'^^[M' (g)]aiy,i>,j, when a <v, ii < v or a > v, /j, > v 

where [M'{g)]au,ufj, is the determinant of the 2x2 matrix excluding the a*'^ and z/*'^ rows 
and the /x*'* and columns. Since 



au,i/fu. 



or or \±kJ J 

ocy-v^fi a>I/,/LX>/LX 



mg)] 
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for symmetric variations Sg^^, 



59 



59tiy 

so that 6g = g ■ g^'^Sg^iy, and the variation of the gravitational action is again given by 
equation (12). While the field equations remain unchanged, one may note the factor of two 
implicit in equation (16). This factor has been omitted sometimes in previous derivations 
of the field equations [12] [13], presumably because it is absorbed in the summation over 
the indices fj, and u. It can be confirmed for Euclidean metrics by the calculation of the 
variation of the determinant represented as exp[tr /n(5^j^ + h^i,)]. 

This property of the variation Sg is also evident when components other than those 
obtained by interchange of the indices are dependent. When 



9i^i^ 



/ —a e e e \ 
e a e e 



\ 



e a e 
e e a/ 



(17) 



Sg 



|9 = 4:while g ■ g'^'l , = 1, but 
p(^°°<^^oo + 9^^S9^i + 9^^Sg22 + 5r''fe)L^i ,^o = 4 5a (18) 



Similarly, if 



9fii^ = 




(19) 



Sg ^ dg^ 
Sgoi de 

while g ■ g^^ = 



— 2e{aia2 + ckicks + q;2Q!3) + 6{ai + a2 + Q;3)e^ — 12e^ 
-e{a2 — e){as — e) but 



(20) 



2(p • 9 Sgoi + g ■ g^^5go2+g ■ g^^Sgos + g ■ g^^Sgi2 + 9 ■ 9 S913 + g ■ ^ ^^23) 

= [ao{6e'^-2{ai + a2 + a3)e) - 2e{aia2 + aias + a2a3) (21) 

+ 6{ai + a2 + a3)e^ - 12e^] 5e 
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consistent with the equahty of 6g and g ■ g^^Sg^ 



In an alternative derivation of the field equations using the tetrad formulation of the 
action 



^ Jm L "J 



(22) 



one uses the variation of the determinant of the tetrad 

[a] = space — time index in the same numerical order as a 

(23) 

[/x] = tangent space index in the same numerical order as /i 

which follows from the expansion of minors as it did for the non-symmetric metric. This 
nomenclature is being used to clarify the connection between the the tetrad and its inverse. 

The inverse tetrad satisfies (e~^)[^][^] e[b]" = Defining the matrix (e"-*^) to 

be (e^a), the relation satisfied by the inverse tetrad becomes e^^a^^^ = 5 J' after re- 
labelling of the indices. Equation (23) is equivalent, therefore, to the standard relation 
^'^tT — {det e) after interpretation of the matrix (e^a) as the inverse of the tetrad. 
This definition is required because of the non-symmetry of the tetrad, e^** ^ ^[o]''^^' 
as a matrix with the rows labelled by space-time indices and the columns labelled by 
tangent-space indices. 

3. Generalized Gravitational Actions in Two Dimensions 

The coefficient of the g^,^ term in the field equations can be adjusted through the 
variation of a power of the determinant g with respect to a symmetric metric. In particular, 
the variational derivative 

implies that 



2p {-g)P gl^- (24) 



6 J d'^x {-gf {R-2A) = J d'^x {-gf [R^.. - pRg^. + 2pKg^,] Sg^''' (25) 



so that solutions of the equations 

R^^v - pR g^u + 2p Kg^^ = (26) 
would represent extrema of the modified action. 

By considering diffeomorphisms Sg'^^ = ^{C'^''^ + ^'^'^), invariance of the modified 
action can be verified only for those transformations which preserve the condition of con- 
stant curvature, i?,^ = 0. In two dimensions, however, there always exists a conformal 
mapping from a metric on a Riemann surface to a constant curvature metric. Since an 
arbitrary difi'eomorphism can be regarded as the product of a diffeomorphism of the type 
considered above and a conformal transformation, one might consider the existence of mod- 
ified actions in two dimensions with conformal symmetry and restricted diffeomorphism 
invariance. 

In particular, a function f{x) may be defined to be det{g^i,) at every point x on 
the manifold. Under a conformal transformation g^i, — > g^i, = e^^^'^^j^, f{x) 
f{x) = e~'^"'f{x). Since In f{x) is a scalar field, its covariant derivative is an ordi- 
nary derivative rather than the special derivative associated with a function of a scalar 
density y^. Consequently, In f{x) ^ and 

Ag Infix) = e^" Ag In f{x) - 4 e'^'^Aga (27) 

so that J d^^^/g {R — jAg In /) is invariant under conformal transformations. Similarly, 

/ d^rg^iR - l^glnf)^^ = [ d^^e-^P'^ gP-e^P'^iR - ^Ag In ff^ 

4 J 4 ^28) 

d'^ g^ {R - -Ag In ff^ 

However, the restricted diffeomorphism invariance of the action J d^^ g^ R is broken 
by the additional term. The variation of the action (28) is 

5 J d^CgP (R - ^AglnffP ^ p J d'^ g^ [{R - ^Ag In fn^C'' 

-\ \ g' [{R - In ff'-X,^' 

-P J 9' R;, e [{R - \Ag In ff^-'] 

(29) 
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where use of the on-shell condition R/^iy = | i? g^^i, has been made. This expression van- 
ishes for p = ^, for which the integral (28) reduces to / d^^y^i?, a topological invariant. 
While a conformal transformation can be found such that R — ^ In f = constant^ the 
variation will then be non-vanishing in general because R is not constant on this metric 
slice. For a restricted diffeomorphism satisfying R,^^'^ = 0, the first term would only- 
vanish if (Ag In f)-^i^ = 0, which is a non-trivial constraint on since In f has 
a gradient vector pointing in a direction difi'erent from the gradient vector of -R. The 
vanishing of the second term in the variation (29) would lead to additional conditions on 

Other possible generalizations of two-dimensional gravity, which have been considered 
in the literature, include f{R) theories [14] [15]. 

4. A Diflferent Form of the Gravitational Action in Four Dimensions and 
Diflfeomorphism Invar iance 

In four dimensions, the modified actions J d'^x (—5')^ -R^ will yield equations of motion 
generalizing equation (26) for A = 0. By adding two flat dimensions to a two-dimensional 
manifold, and adapting the argument given above to four-dimensional manifolds, the lack 
of invariance of J d'^x {—gY R^^ under the transformation Sg^^i, = C{fj.;iy) when p 7^ | can 
be demonstrated. When q ^ 2p, p 7^ |, the field equations will contain qR/^v' — pRgi^v, 
which is not proportional to R/j,,^ — ^Rg^,^, and not covariantly constant. Thus, even 
under infinitesimal diffeomorphisms, J d^x {—gY will only be invariant when p = \- 

The form of the field equation (26) suggests that the addition of actions with different 
values of p could yield a variation involving {R^^ — \Rgnv)8g^^ after averaging of the 
coefficients of R^^u and g^^ti. Since 

{-9Y- = + {.Vm - 2/0) In {-g) + ^^"^ ~ {In {-g)f + ... ] (30) 
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the following equality holds for the variation 

J dt^x xo {-gy° {R - 2Ao) + J d^x xi {-gY' {R - 2Ai) + ... 

+ J d^x xn {-gf - {R - 2An) 
= J d'^x {-gy° {xq R^^ - xoyo R g^^ + 2 Aq Vq g^u) Sg^" 

+ J d'^x{-gy^ {xi R^„ - xivi R g^,, + 2 xi yi Ai g^^) Sg^'' 

+ ■■■ + J d^X (-y)^" {x„ R^u - XnVn R 9tiv + 2 Xn Vn An Qtiv) Sg 

= J d'^x {-gy° [{xo + Xi + . + Xn) R^u 

- {xoyo + XiVi + ... + Xnyn) R Qtxu 

+ 2(xo|/oAo + XiyiAi + ... + XnVn^n) g^.u] Sg^" 

+ j d'^x{-gy°ln{-g)[{{yi-yo)xi + ... + {yn - yo)xn) Rfiu 
- {xiyiivi - yo) + ... + 

+ 2(a;iyi(yi - yo)Ai + ••• + {yn - yo)K) Qixv] Sg^" 

+ ... 

By setting 

Xq + Xi + ... + Xn = I 

1 

Xoyo + xiyi + ... + Xnyn = 7; 



(31) 



-xiyiiyi - yo) 



Xnyniyn - yo) = --[Xi{yi - yo) + ... + Xn{yn 

= -lil-yo) 



yo)] 



(32) 

including relations for the variables {xo, yo,---,Xn, yn} corresponding to the higher order 
terms {ln{—g))'^, one obtains variations at each order in the Taylor series expansion that 
are of the form 



/ 



d'x{-g)y°{ln{-g)y 



11 1 " 

-y(^-yo)"^(i?M.-^i?PM^)-E 



Xiyi I ^Hy^xy 



5g^^ 
(33) 



The conditions (32) can be reformulated as 



/ 1 1 1 1 

vq yi y2 ys 



1 \ 



/ 1 \ 



/Xo \ 



1 



4 4 4 4 

yo yi z/2 y3 

yo yl yl yl 





\x 



J 



f 

I 

32 



(34) 



n 



Given values of yij yi-, there will exist solutions to equation (34), xq, xi, X2,---, 

Xn, only if the rank of the n x oo matrix is at most n + 1. Besides the trivial solution 



represented by (34) involves an infinite number of coefficients {xi} and powers {yi}- The 
existence of a solution at finite n can be determined as follows. Suppose, for example, one 

considers the simplest non-trivial case yo = Vi = ••• = yq-i = yq+i = ••• = Vn ^ yq 
for some ^ < q < n. Assuming that n+1 rows of the matrix, (1, 1), (y^S y^^)i 
(y^", ...,y^") are linearly independent, the decomposition of the row (^q, •••,y^) leads 
to the relation C/o + Cny^^ + ... + CinV^'^ = Vq together with the subsidiary condition 

Cio + 2^Cii + ... + = ji - Defining Ag = ^, the decomposition of the gth 



entry gives + y^'y^Ci, + + A^^ 7/^^/2 + •.• + A-"y^"Cz„ = A^^y^ which is 



an equation with I complex solutions and Ir real solutions. For each row labelled by I and 
corresponding set of n + 1 coefficients {C^j}, there exists Ir real solutions for the variable 
\q. Thus, a necessary condition for the existence of a solution to equation (34) at finite n 
is that the intersection of the common roots of the algebraic equations for Ag consists of 
at least one real number. Finally, since each of the integrals is SL(4;R)-invariant, the sum 
of the integrals in (31) will be invariant under only SL(4;R) transformations unless further 
conditions on Xi^ yi and Aj are imposed. 



yo = yi = ■■■ yn 



= the generic solution to the set of simultaneous equations 
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For an arbitrary infinitesimal diffeomorphism 5g^'^ = ^(^^'^ + ^'^'^), 
J d^x{-g)y^{ln{-g)r{R,. - ^5;..)^'^^^ 

= j d^x[{-g)y"{ln{-g)r{R^,-^Rg^,)er 

-2m j d'x{-gy\ln{-g)r-'V\,{Rl-\R5l)e 

+ (l-2yo) j d^x{-g)y°{ln{-g)rr^,{RJ,-^RS;)e 

(35) 

Addition of the terms (33) at each order leads to a cancellation of the integrals containing 
r^T-p and leaves integrals of total derivatives which vanish when tends to zero at spatial 
infinity. 

Similarly, 

2 J d^x{-g)y\ln{-g)r ^^^^^^^^|^^^) 

^ d^'x [{-g)y^^{ln{-g)n^l^ 
-2mj d''x{-g)y^{ln{-g)r-^T%pi^ 

+ (l-2yo) j d''x{-g)yo{ln{-g)rT%,e 

(36) 

and cancellation of integrals containing T^^p to all orders occurs if 



^1= 

oo 



= 2> XiVi j Ai • 

^-^ ml 

1=1 



oo 



i=0 1=1 

(1 - 2|/o) V a^i^/i j Ai - 2(m + 1) > Xiyi— A^ = 

^ ml ^-^ (m + 1)! 

1=1 i=l ^ ' 

m >1 

/,From the relations (37) , it follows that all of the cosmological constant terms in the field 
equations, resulting from the vanishing of the variations (33) are equal. The field equations 
then can be written as a single equation 

^ oo 

R^cy - ^ R g^iu + ^ Xi Vi Aig^^ = (38) 

i=l 
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The field equations (38) also can be derived from a simplified action using the identities 
(32). The Ricci scalar terms may be combined since 



/oo 
i=0 



X, i-9)y' R 



Xq 



i=l 



m=l 



ml 



i=0 



m=l 



I 



d^x i-g)^ R 



(39) 



The cosmological constant terms can be combined because 

oo oo oo 

^ Xi{yi-yo)'^+^Ai + yo Yl ^iiVi-VoTK = Yl ^iViiVi - V^T 

i=l i=l i=l 

oo ^ oo 

Y ^iyiiyi-yo)'^^i = (^-2/0) Y ^^y^iy^- yo)'^~^^i = ••• 



- yo 



The solution to (40) is 



2 

m — 1 oo 



(40) 



i=l 



1=1 



i=0 



oo ^ \ m oo 

i=l ^ ^ i=0 



(41) 



so that the integral is 



(-y)^° 5^ x,A, + 2 d^x {-g)y'^ Xiiyi-yoTK 

i=0 m=l i=l 



(/n(-^))' 



/oo oo „ / 1 \ ' 

d^'x Y ^i^i + 4 J] / d^x {-gr[--yo] 



(/n(-<7))' 



mi 



(42) 



This gives 



/oo « oo « oo 

d^x {-g)y° Y ^i^^ + ^ d^x i-g)-^ Yl ^^^^^^ - ^ d^x {-g)y° Y ^^V^^ 
i=0 i=l i=0 



(43) 
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and the first and third terms cancel because 



XI ^iiVi ~ yo)Ai = 2 f - - I/O j 5^ XiViAi (44) 

i=0 ^ ^ i=0 



so that the standard action 

/oo 
d^a; (-5r)^ (R - A ^iVi^i) (45) 

is obtained. 

5. Gravitational Perturbations and Modifications of the Action 

The connection between the cosmological constant problem and general covariance of 
the action has been noted in the context of a different choice of gravitational action [16]- 
[18] [19]. 

Suppose that there exists a region of four- dimensional asymptotically flat space-time 
which represents a solution of the field equations of the standard Einstein-Hilbert action 
j d^x^/^R with zero cosmological constant. A perturbation of this metric, through the 
addition of a finite matter distribution in the space-time, for example, will lead to a finite 
addition to the action. The vanishing of the curvature in the asymptotically flat regions 
leads to finiteness of the additional curvature contributions to the action in (31), whereas 
the Aj terms in this action appear to give rise to a divergent contribution. However, one 
could introduce theoretically a finite number of non-zero {A^} by choosing XmJ^m <= y-, 
where F is a regularized space-time volume. 

Relaxing the requirement of infinitesimal diffeomorphism invariance temporarily, and 
allowing for a greater arbitrariness in the coefficients Xi and powers y^, suggests a possible 
description of localized perturbations [20] through an action of the type given in (31). Each 
of the SL{4; i?)-invariant integrals li = f d'^x{—g)y^{R — 2Ai) can be used to represent the 
action associated with a matter distribution localized in a region in space-time. A generic 
matter distribution might curve space-time in several regions, and it can be represented by 
Xi li for an appropriate choice of {xi\ since there are enough available parameters to 
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solve the relation Xj/j = 51, where 51 is the contribution of the perturbed metric to the 
gravitational action. Previously, deviations in the metric resulting from specified matter 
distributions have been described using gravitational actions containing either R or f{R), 
and then determining the contributions to the action, to second order, for example, in the 
scalar, vector and tensor perturbation variables by finding the variational principles giving 
rise to the perturbed Einstein equations [21]. Cosmological constants were not included 
in these variational principles, but the methods do not preclude a priori the presence of a 
cosmological constant in the full gravitational field equations, and indeed, solutions to such 
equations could exist. As an example, a special type of matter distribution giving rise to a 
geometry with de Sitter metric inside a finite volume [22] has been mentioned in a study of 
the definition of the localized energy density for de Sitter space and perturbed metrics [23] . 
The advantage of the approach used in this section is that no a priori assumptions are made 
with respect to the magnitude of the cosmological constant terms in actions representing 
inhomogeneous metric perturbations, and instead, their vanishing in the large- volume limit 
shall be deduced. 

In a universe with radius of curvature 10^^ cm, the observational limit on the cosmo- 
logical constant is 10~^^ cm~^. Consider the Friedmann- Robertson- Walker metric 



ds^ = -dr + R{ty 



+ r'^{de'^ + sin^e d(p^) 



(46) 



1 — fcr^ 

2 1 

with a scale factor R(t) ~ ts in the matter-dominated era and R{t) ~ in the 
radiation-dominated era. When k = 0, 

J d^x ^ = J dtdr de d^ R^{t) sin 6 = j dt R^(t) (47) 



and 



j d^xi-gf' = J d'^x [R%t) ■r'^sin^e]^' = J dtdrdOdcj) R^^'it) ■ r^^' sin^^'O 

= - — - — / dtR^y'it) / sin^y^dde 



it follows that 



J d^x {-gf^ - r^+^y^ t^+^y^ - (49) 
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in the matter-dominated universe and finiteness of the action in (31) leads to the conditions 

1 , , 

Xi Ai (50) 

V 3 

whereas 

< J d'x {-g)y^ ^ r'+'y^ t'+'y^ < (51) 

in the radiation-dominated universe, so that 

Xi Ai < 1+3^^ (52) 
V 3 

Thus, if there any values of yi less than ^, the conditions (50) and (52) allow for the 
possibility of Xi Ai not decreasing as fast as y. 

Without any restriction on the coefficients Xj and powers i/i, arbitrary localized 
perturbations in the metric can be described by a sum of integrals of the type 
Si^o / '^^^ Xi{—g)y^{R — 2Ai) with some of the values of Xi Ai possibly being greater than 
the observational limits on the cosmological constant. The 5'L(4; R) invariance of these 
integrals might be regarded as sufficient to view the sum as a type of gravitational action 
[19]. The representations of localized perturbations by this sum allows for a more coherent 
resolution of the problem of their contribution to the overall cosmological constant, as it 
may be contrasted with e J d^x^/^{R — 2A), e <^ 1, which cannot be directly used for 
their description. 

Reimposing infinitesimal diffeomorphism invariance leads to the conditions (32) and 
(37) on Xi and yi, which imply that the effective cosmological constant contribution to 
the action is —4 / d^x {—g)^ Yl'iLo xiyiAi. Finiteness of this integral requires that 
xiyiAi ~ ^, and there are likely to be cancellations amongst the coefficients Xi 
corresponding to those powers {yi\yi < |}, so that the observational limits will again be 
satisfied by the terms Xi A^ for each i. Because of the restrictions on Xi and yi resulting 
from infinitesimal diffeomorphism invariance, the action in (31) is no longer relevant in 
the description of localized perturbations. However, the overall effect of the finite action 
condition is sufficient to ensure that the large-scale cosmological constant should be set to 
zero even in the modified version of the gravitational action. 
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Non-zero values of A^, i = 0, 1, 2, ... are feasible over a limited region of the four- 
dimensional space-time (with the remaining volume being described by a zero cosmologi- 
cal constant) or for a closed universe, because a divergence in the action is prevented by 
the integration of a convergent sum Xli^o ^iUi^i over a finite four-volume. The infla- 
tionary universe [24] [25] provides the standard example of the introduction of a non-zero 
cosmological constant over a limited four- volume. 

Gravitational perturbations have successfully been described by higher-order curvature 
terms [21] [26]. They have even been used to explain the density spectrum [27]. Nonlin- 
ear gravitational Lagrangians give rise to field equations which often have solutions that 
approximate solutions of the Einstein field equations and standard metrics such as that 
of de Sitter space have been shown to arise as an attractor in the space of solutions of 
higher-derivative gravity theories [28] . 

6. f(R) Theories and other Generalizations 

Another type of generalized gravitational action which leads to the Einstein field equa- 
tions with cosmological constant is characterized by a function of the Ricci scalar [29] [30] 
[31] [32]. Viewing the Ricci scalar as a function of the independent variables, g'^^ ^ the met- 
ric, and Fj^j^, the connection, R = R,j_i,{T)g'^^ ^ the variation of the action with respect to 
gt^^ gives 



^ / d^xV^gm)^ I d^xV^gfiR)^ + J d^x^-^m) (53) 



so that the field equations are 



fiR) R^,{r) 



^ fiR) g^, = 



(54) 



which has trace 



fiR) R 



2 fiR) = 



(55) 



If i? = Ci is a zero of this equation, then 



(56) 



m) 



R=Ci 
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and 

Rnu - I c, 5f^^ = (57) 
the gravitational field equations with A = j Ci. 

This technique can also be extended to functions of the Ricci tensor and Riemann 
curvature tensor. For example, if S = gi^"^ g""^ Rapi^) Ri^u{T) and L{g,r) = f{S) [33], 
then the field equations are 

2 f'{S) - I f{S) g^. = (58) 

The trace of this equation is 

f{S) S - f{S) = (59) 
which has roots c\ = jr^- Substituting these values of S into (58) gives 

Rail. R.f - \ 4g^, = (60) 



Solutions of the equation 



will also be solutions of (58). 



R^u - ^ g^u = (61) 



The square of the Riemann curvature tensor can be used to construct a third type of 
action from which the gravitational field equations can be derived. Let 

S = g^a g"'' g"^ g^'R^'.pxiV) R''i3^s{r) 

J f{S) = j dfx^g nS) - J d^x^ f{S) g^r. (62) 



5g^ 
Since 



5S 



(63) 
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the field equations are 

2 R,),^^ f'iS) - \ f{S) = (64) 

which has trace 

f{S) S - f{S) = (65) 
The zeroes of this equation c^' = r{c'/) Riemann tensor satisfies 

Rir""^ Ra)upX - \c': gra = (66) 

For a space-time with vanishing Weyl tensor, solutions of the field equations 

R^. - S'm- = (67) 

will satisfy (64). 

7. Higher-Order Curvature Terms in Superstring Eflfective Actions 

The same method can be applied to higher-derivative actions obtained in string theory. 
Graviton amplitudes in superstring theory can be used to deduce an effective action, which 
receives higher-order corrections at the three-loop level. At third-order in the inverse string 
tension [34] [35], 

where 



y~ ^ f T} r>ahcd\2 , r>abcd d r>efhg r> _l Q lyabcd d DS^dfh r? 

— 2 y^abcd ^ ) + n Hcdef^ ^hgab + » it -Kfoed/ ^ ^gahc 

I Dabfg T? hk jDde d , , _ 8 R . „ T?a-bfg P , , Dcdhe (69) 
— Rabef R°'^gh RcJ^ ^cdhe 

By subtracting a term proportional to the dimensionally continued Euler form L(4) [36] [37] 
[38] , a different combination of curvature tensors can be used in the action 

d^^'x ^ (r + y) (70) 
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with 

y = Yg(^ ~ 96^*^^^^ ~ Rabcd Re'^f R"'^^'^ gh^ + Rabcd Ref'^^ R"'^^'^ R'^ gh (71) 

The Euler-Lagrange equations of motion in the first-order formahsm are then 



1 „ , C(3)a 



/3 



Rrcr — R Qra + 



where 



2 ■ 16 



O D D c ryaghe Tjf c 

— ^-^a{T\cd-^e\a) f ^ gh 



SY 1 



Sg 



— T^y 9 



rcr 



(72) 



5g^^ 

+ 2-Ro6(T|d Re\'a)f R'^^^'^ R^ gh + "^Rabcd RJ"^ f R"'^ {t\^ R^ gW)"^ ^"^"^^ 

+ ^-^6(T|d /|cr) -n-o ^ gh + ^^abcd^ef -K (r -n- o-)/i 

The trace of equation (72) is 

AR + ^^^^ Y = (74) 

When the Weyl tensor vanishes, and R^i, = 9 k g^iy, then Y = 4320 k"^ and equation 
(74) imphes that 



and 



/ 4 \ 3 9 

= "l^j ^^'^^ ^^^^ 



so that the effective cosmological constant is — ^3^3)^ ^ Higher orders in the expansion 
also produce contributions of order 

A conformal transformation of the maximally symmetric solution to (76), anti-de Sitter 
space with cosmological constant — (^ s(^{3) ) ^ a'^ space exists, and redefinitions of 

the metric at higher orders have been shown to be sufficient to maintain the validity of the 
Ricci-flat condition = when the target space is a Calabi-Yau manifold. 

Since redefinitions of fields in a Lagrangian do not change the S-matrix, transformations 
of the metric, anti-symmetric field and dilaton have been used to write the effective bosonic 
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string action up to 0{a'^) [39] [40] [41] [42] , and similar techniques can be used for the 
type IIB superstring and heterotic string. At 0{a') for the bosonic string, the 4-graviton 
amplitude requires the existence of the R^vpa R^'^^'^ term, but the and R^j^ R^^ terms 
can be removed by a metric redefinition. It is preferable to choose the Gauss-Bonnet 
invariant R^j^paR^'^'"^ — AR^j^R^'^ + R^ so that ghosts do not arise upon quantization [36] . 
The Lovelock Lagrangians represent the only combinations of Riemann tensors which give 
rise to field equations containing at most second-order derivatives of the metric, and they 
are necessary for the absence of ghosts at this order. At higher orders, there is a form of 
the effective action, with a minimal number of terms, such that additional terms besides 
the dimensionally continued Lovelock invariants [43] seem to arise. These calculations have 
also not been performed beyond the order at which the Lovelock Lagrangians are no longer 
relevant. For example, the quintic Lovelock tensor has only recently been evaluated [44]. 
The higher-order Lovelock Lagrangian 

("-) ~ 2^ ^[ili2 -"'«3»4 ^lbl6 ■■■ -'^i2n-li2n] \'') 

only vanishes in ten dimensions when n > 6, and it is zero in twenty-six dimensions when 
n > 14. 

The elimination of ghosts is conventionally achieved by removing all higher-order deriva- 
tives in the linearized equation for the spin-2 graviton field /i^i^, so that the h V^" h,n > 2, 
terms are cancelled using the dimensionally continued Gauss-Bonnet terms [36] [45] [46] and 
the graviton propagator is not modified by extra powers of the momenta. The interaction 
terms arise at Oiji^), n > 3 in the expansion of the effective action. It has been established 
that there exists a field redefinition that removes the higher order derivatives h V^"^ h, 
77. > 2, from the effective action [46] but does not affect the interaction terms. Since a 
more arbitrary form could be assumed for the interactions, other types of higher-derivative 
curvature terms are, in principle, allowed by the conditions placed on the linearized field 
equations, and they do appear in string effective actions. Besides considering the lin- 
earized equations, the field equations for the total metric Qf^,^ are of interest. The inclusion 
of terms other than the Lovelock invariants leads to differential equations with third-order 
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and higher-order derivatives of g^i,. If one wishes to obtain a field equation with at most 
second-order derivatives of the total metric g^^, then the Lovelock invariants are required. 

It remains to establish through a detailed calculation which additional higher-order 
curvature terms can be removed through further metric redefinitions. For example, it 
might be possible to adapt the technique used for removal of quadratic terms in h/^i, [46] 
to cubic and higher-order terms. If it is feasible to use repeated application of appropriate 
metric redefinitions to eliminate higher-order derivatives at 0{h^), n >3, then there may 
exist truncation of the series expansion in the effective action. 

Such a result has been obtained in special cases. It is well-known, for example, that 
the Ricci-flat condition can be maintained through a metric redefinition when the target 
space is a Calabi-Yau manifold [47] [48], with the proof making use of the property that 
the manifold is Kahler. Moreover, several results have been obtained for higher-derivative 
theories. When the Lagrangian is an arbitrary function of the Ricci scalar, there exists a 
conformal transformation from the higher-derivative theory to the Einstein-Hilbert action 
with a scalar field [28] [29] [49] , and Legendre transformations [50] [51] have been used to 
transform Lagrangians dependent on the Ricci scalar and Ricci tensor to the Einstein- 
Hilbert action coupled to scalar fields and fields of up to spin 2. 

Restriction to the Lovelock invariants leads to consideration of Lagrangians of the type 
/(L(^)) in the first-order formalism. Defining G^^^ to be the variation of ^/—g L^^^ with 
respect to g/j,,^ [52], it follows that 

and, specifically, 

<^(2)/iz/ = ^{R/j,^^^ RupaX — 2 Rp,pu\ R^^ — 2 Rfj^p RP -\- R Rn^) (79) 
- ]^{R^^P^ R^^px - 4 R''" R^. + R^) g^. 
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If the degree of the function / is r, then the field equations 

f'ihn)) ^ - I fihn)) = (80) 

are differential equations of degree 2r, but they will consist of factors which contain at 
most second-order derivatives of the metric. The differential equations (80) can be solved 
by simultaneously satisfying the following conditions 

i^M = 

S g^,^ (81) 

L{n) = 

which both represent second-order differential equations in the metric. More generally, 
contracting equation (80) gives 

f'ihn)) 9'"^ - ^ fihn)) = (82) 

where D is the space-time dimension. From (79), it follows that g^'^ = d{n)L(^n) for 

some constant (i(n)- If -^(n) = is a root of 

d{n) /'(-^(n)) -^(n) " IT f{L{n)) = (83) 



then 



_ D /(c(„)) 

C(n) - TTj 777 V i°^) 



and the equation of motion (80) becomes 



C(n) d^n) g''" = (85) 



Gravitational perturbations which are local and not homogeneous, giving rise to an 
energy-momentum tensor not proportional to the metric, have already been shown to be 
best described by 5'L(4; i2)-invariant gravitational action terms such as those considered in 
§5 and higher-derivative curvature terms [21] [26]. Moreover, it has been shown in §6 that 
the Einstein field equations with cosmological constant can be derived from f{R) theories 
and other generalizations. Finally, redefinition of the dilaton field in the four-dimensional 
string effective action is known to change the value of the cosmological constant [53] . 
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It follows that the matter distributions at both Planck scales and macroscopic scales 
can be represented adequately by an action which contains the Einstein- Hilbert Lagrangian 
plus higher-order curvature terms, such as those that arise in the string effective actions, 
and other matter Lagrangians, ultimately derived from the string theory. The cosmological 
constant should be regarded as a flexible variable, which can be shifted to zero using 
symmetry transformations, rather than as a fixed parameter. 

The solutions to the resulting field equations will, in general, be represented by phases 
with both A = and A 7^ 0, and it may seem that the different values of A are equally 
probable. However, it has been shown that the field equations have special properties for 
the value A = 0. Specifically, all of the generalized symmetries, based on prolongations 
of vector fields in the space of coordinates and metrics, have been classified for the four- 
dimensional vacuum field equations with both A = and A 7^ 

[54][55]. When A = and hfj,t,{x'^ , gab, 9ab,ci, gab,ci,...ck) are the components of a 
k-th order generalized symmetry of the vacuum equations, there is a constant C and a 
generalized vector field X' = X''{x'' , gab, gab,ci, 9ab,ci,...,ck-i) such that, modulo the 
field equations, hab = C gab + V a Xb + Vb Xa [54]. When A 7^ 0, the uniform scale 
transformations do not leave the vacuum equations invariant. 

This result suggests a mechanism for explaining the vanishing of A at classical scales. 
Given different phases with A = and A 7^ 0, a conformal transformation representing a 
time-dependent expansion, similar to the scale factor of the Friedmann-Robertson- Walker 
universe, would increase the size of the A = region relative to the sizes of the A 7^ 
regions. Over the course of the cosmological expansion, the dominance of the A = region 
becomes apparent. From the above considerations, this mechanism is applicable to general 
matter distributions and effective actions containing a variety of different higher-derivative 
terms. 

This mechanism is similar to the irreversible processes in the thermodynamics of many- 
body systems [56] [57] [58] , which result from reversible processes at the microscopic level. 
The relation between microscopic and macroscopic physics has been considered in the con- 
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text of irreversible kinetic equations [58] and the Onsager repricocity relations [56] . These 
techniques in non-equilibrium statistical mechanics have been adapted to general relativ- 
ity [59] and the cosmological constant problem using the fluctuation-dissipation theorem 
[60] [61]. Since microscopic fluctuations are accompanied by dissipative processes in macro- 
scopic systems, it has been suggested, for example, that dissipative particle creation in de 
Sitter space, represented by the non-symmetric part of the polarization tensor, leads to 
the diminishing of the effective cosmological constant [60] . 

A variant of this approach to macroscopic physics is required in the present model. 
Conformal transformations and fleld redeflnitions which leave the S-matrix invariant but 
shift A in the effective action [53] can be viewed as microscopic reversible transformations 
Ai A2, A2 A3 ... Ajv-i Ajv, An ^ Ai, N > 2. 

The field equations at macroscopic levels will be modifications of the Einstein field 
equations. Inhomogeneous localized matter distributions are not relevant for the cosmo- 
logical constant term, and from the generalized symmetries of the vacuum field equations, 
it will be shown that the scale invariance of the A = equations leads to an irreversible 
process mapping regions with cosmological constant Aj to regions with A = 0. More 
generally, from mesoscopic to large scales, the global asymptotics of T^j^ should be compat- 
ible with dilations of the three-dimensional hypersurface metric, if it is assumed that the 
energy-momentum tensor is derived from a conformally invariant string theory and tends 
to the perfect-fluid tensor in the large-volume limit. The cosmological solutions to the fleld 
equations obviously reflect this scale invariance, and, in particular, the spatial sections of 
the Friedmann-Robertson- Walker universe increase by a scale factor -R^(t), while the time 
coordinate can be rescaled so that the entire four-dimensional metric is uniformly dilated. 

The reversible microscopic transformations initially will lead to infinitesimal conformal 
transformations of the three-dimensional hypersurface metric ^^"^ Qap ~^ (1 + ^^^9af3- 
The rescaling of the tetrad Cot eot, e^, cqq — >■ (l + e)2 + 

determines the transformations of the spin connection cu^rnn = ^e.^{di^enu — dv^ntx) 
- ^e^{dfj,emiy - duCmn) " |e^e^(5peca - daecp)e1^ and the Ricci tensor 
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R^a = e^'^e^idij.i^i^mn " d^<^i^mn + ^^tim'^'^ucn " ^um'''^ ^lcn) ■ The transformation of 
the field equations, restricted to the three-dimensional hypersurface, can then be either 
calculated directly or deduced by noting that ^^^Rap ^^^R^p while the conjugate mo- 
menta to the metric, tt"'^ — Tlif- — ; change to (1 -|- e)~^7r"^, since the three-dimensional 
scale invariance is assumed to be a property of the effective action at mesoscopic to large 
scales. Transposing any conjugate momenta terms to the other side of the equation, one 
finds that a zero cosmological constant in the constraint equations will be maintained, 
while the a non-zero cosmological constant will be altered by an infinitesimal amount since 
^^'^^Qafs (1 + A (^^5fQ,/3. Thus, A = remains a fixed point in the infinitesimal time 
evolution of three-surface metrics in cosmological space-times, while the A 7^ sectors 
will be shifted by conformal transformations, and also by other field redefinitions. 

Conformal transformations will dilate the regions with A = and their existence 
in the macroscopic order, formed during the cosmological evolution, can be ensured by a 
fiuctuation-enhancement theorem [57]. In this scheme, the order-parameter would define 
the lack of randomness in the choice of the value of A in the effective field equations. 

This explanation for the vanishing of the cosmological constant may be contrasted 
with several recently proposed solutions using higher-dimensional gravity and duality in 
string theory. It has recently been shown that general relativity with a cosmological 
constant appears as an effective theory at the four-dimensional boundary of a Chern- 
Simons Lagrangian integrated over five-dimensional manifold. When the gauge group is 
S0(l,5), the action is 



ICS = 7i I ^ABCDE 
IM4XR 



2 



^AB jfD E _ ^^AB ^ ^ ^ ^E 

+ ^ A A e*^ A A 
5L4 



^AB ^ ^AB ^ ^A^ ^ ^CB 

(86) 

where a = ±1, L is an arbitrary length parameter, Ai4 is four- dimensional manifold with 
boundary dM.3, e"^ is vielbein and u)"^^ is the five-dimensional spin connection [62]. By 
requiring the variation of the action to be zero at the boundary, and imposing conditions 
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on the components of the vielbein and spin connection normal to the boundary, one obtains 
the standard four-dimensional gravitational field equations with cosmological constant 



where I is another length parameter used in the definition of the normal components of 
the vielbein and spin connection. The value of A can be set to zero, although one may 
note the special choice of parameters, a = —1 and = 3L^, the absence of a matter 
distribution and the derivation of the field equations from a classical action. 

It is also of interest to note that Chern-Simons Lagrangians in odd dimensions with 
gauge group SO{l,2n — 1) can be decomposed with respect to the group SO{l,2n — 2) 



so that in 5 dimensions, the sum consists of a cosmological constant term, a Ricci scalar and 
the quadratic Gauss-Bonnet invariant. From the variations in the first-order formalism in 
§6, it has been established that the higher-derivative terms introduce another cosmological 
constant term into the field equations for a particular set of solutions, confirming the 
expression (87) for A as a sum of two different contributions. It also follows from (88) 
that if the Lovelock invariants Lj-q),..., 1/(4) that appear in the 10-dimensional superstring 
effective action occur in the linear combination 



10 [ 8! /"^L(o) -4-6! /"^ L(i) +6-4! l'^' L(2) -4-2! l'^ L(3) + L(4) ] (89) 



they will describe a Chern-Simons Lagrangian with gauge group S0(l,9). 

Target-space duality has been used to relate solutions to three-dimensional string equa- 
tions of motion described by space-times with A ^ and A = [64] [65]. Breaking of 
a discrete symmetry such as T-duality may lead to a strict partitioning of the space of 
induced worldsheet metrics implying the breaking of conformal invariance, and a mecha- 
nism for inducing such symmetry breaking has yet to be developed. S-duality invariance 



[63], 




n-l 



[2(n-l-A;)]! (-l)"-i-'=r(2^-i-2'=) L(fc) + total der. (88) 
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of the field equations derived from a four-dimensional superstring effective action has also 
been studied [66] [67]. The duality invariance of the field equations when A = 0, and 
non-invariance when A 7^ 0, mirrors the conformal invariance of the gravitational field 
equations discussed earlier. However, since S-duality is a discrete symmetry, again it may 
not be as useful as conformal invariance in obtaining a proof of the vanishing of the cos- 
mological constant. 

Matter fields often give rise to an effective A, and fine-tuning of the parameters in a 
cosmological model is necessary to obtain vanishing A [8] . A slight change in the param- 
eters often leads to the re-appearance of the cosmological constant [7] . The path integral 
approach has been used previously to justify vanishing of A, and it is dependent on the 
choice of action determining the weighting of the metrics and an approximation in the 
summation over space-time topologies [68] [69]. The Einstein- Hilbert action that is con- 
ventionally used in the path integral can be modified by additional curvature terms which 
appear in the superstring effective action. The higher-derivative terms that typically arise 
in these effective actions lead to an alternative gravitational description of the perturba- 
tions associated with the inclusion of matter fields. It is being suggested here that the 
symmetries in string theory, especially conformal invariance, provide an additional way of 
eliminating the cosmological constant at macroscopic scales. They are also likely to be 
relevant in a complete study of the cosmological constant problem at the quantum level, 
where other techniques have been developed [70] [71] [72] . 

The classical version of the cosmological constant problem considered in this paper 
concerns the fitting of space-time metrics, which solve A = field equations, with realistic 
matter distributions. Within the context of a generalized gravity theory, presumably 
derived from string theory, a variational argument for the vanishing of A has been put 
forward by applying specific symmetry transformations to the action and field equations 
and then establishing that there is an irreversible fiow to the A = sector. 
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